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Canonical forms of two-qubits under the action of stochastic local operations and classical com-
munications (SLOCC) offer great insight for understanding non-locality and entanglement shared
by them. They also enable geometric picture of two-qubit states within the Bloch ball. It has been
shown (Verstraete et.al. (Phys. Rev. A 64, 010101(R) (2001)) that an arbitrary two-qubit state gets
transformed under SLOCC into one of the two different canonical forms. One of these happens to
be the Bell diagonal form of two-qubit states and the other non-diagonal canonical form is obtained
for a family of rank deficient two-qubit states. The method employed by Verstraete et.al. required
highly non-trivial results on matrix decompositions in n dimensional spaces with indefinite metric.
Here we employ an entirely different approach – inspired by the methods developed by Rao et. al.,
(J. Mod. Opt. 45, 955 (1998)) in classical polarization optics – which leads naturally towards the
identification of two inequivalent SLOCC invariant canonical forms for two-qubit states. In addi-
tion, our approach results in a simple geometric visualization of two-qubit states in terms of their
SLOCC canonical forms.
PACS numbers: 03.65.Ta, 03.67.Mn
1. INTRODUCTION
Geometric intuition inscribed in the Bloch ball pic-
ture of qubits serves as a powerful tool in the field of
quantum information processing. Simplicity of this ge-
ometric representation of qubits inspired its generaliza-
tion to quantum single party systems in higher dimen-
sions [1–3]. However, these attempts resulted in compli-
cated geometric features. On the other hand, physically
relevant visualization of the simplest bipartite quantum
system viz., joint state of two-qubits, has been devel-
oped by several groups [4–13]. Geometric representation
of two-qubit states inside the Bloch ball provides a nat-
ural picture to understand correlation properties like en-
tanglement [4, 6, 12–15], quantum discord [10–12], and
non-local steering [6, 12, 14–19].
Previously, Verstraete et.al. [5, 6] highlighted that
SLOCC on a two-qubit density matrix ρAB correspond
to Lorentz transformations on the 4 × 4 real matrix
parametrization Λ of ρAB and they arrived at two differ-
ent types of canonical forms for the real matrix Λ. The
canonical forms of Λ correspond to its Lorentz singular
value decompositions, offering a natural classification of
the set of all two-qubit density matrices into two different
SLOCC families. The canonical SLOCC transformations
also paved way to visualization of two-qubit state – as
an ellipsoid inscribed inside the Bloch ball [5, 6, 10–12].
However, the mathematical recipe used in Ref. [5, 6] to
arrive at the SLOCC canonical forms is highly technical
and depended on non-trivial results on matrix decompo-
sitions in spaces with indefinite metric [20]. Moreover,
it was pointed out [12] that this approach fails to reveal
the geometric features in an unambiguous fashion. A
more detailed investigation by Jevtic et.al., [12] focussed
towards an elegant geometric representation, mapping a
two-qubit state to an ellipsoid lying inside the Bloch ball,
in a complete manner with the help of suitable SLOCC
transformations. However, this work did not address the
relevant issue of identifying canonical forms of two-qubit
density matrix ρAB , based on the Lorentz singular value
decomposition of the associated 4 × 4 real matrix Λ. A
straightforward method to identify Lorentz singular value
decomposition, which in turn gets connected with the
SLOCC canonical forms of two-qubit states, is still lack-
ing. In this paper we address this issue, using the meth-
ods developed in classical polarization optics by some of
us [21, 22]. Our method leads to the identification of two
different types of SLOCC canonical forms for two-qubit
states. The canonical forms identified by our approach
are shown to be Lorentz equivalent to the ones obtained
in Ref. [5]. Our detailed analysis gives a fresh perspec-
tive on the geometric representation of two-qubit states
in terms of their SLOCC inequivalent canonical forms.
Contents of the paper are organized as follows: In
Sec. 2, we obtain the 4 × 4 real matrix parametrization
Λ of a two-qubit density matrix ρAB shared between Al-
ice and Bob. After giving a brief outline on Minkowski
space notions of positive, neutral, negative four-vectors
and orthochronous proper Lorentz group (OPLG), we
show that (i) the real 4 × 4 matrix Λ gets pre and post
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2multiplied by the 4×4 Lorentz matrices LA and LTB (the
superscript “T” denotes matrix transposition) under the
action of SLOCC transformation – implemented by Alice
and Bob respectively on their individual qubits; (ii) the
4× 4 real matrix Λ maps the set of all four-vectors with
non-negative Minkowski norm into itself. Sec. 3 gives
details on finding the canonical forms of real symmetric
matrices ΩA = ΛGΛ
T and ΩB = Λ
T GΛ, (which are
constructed from the real matrix Λ and the Minkowski
metric G = diag (1,−1,−1,−1)) using Lorentz congruent
transformations LA ΩA L
T
A and LB ΩB L
T
B respectively.
Lorentz singular value decompositions Λc = LA ΛL
T
B of
two inequivalent canonical forms ΛIc , ΛIIc of the 4×4 real
matrix Λ and the corresponding two-qubit density ma-
trices ρIcAB , ρ
IIc
AB , ρ
IIc
BA are also given here. Furthermore,
equivalence between the canonical forms obtained earlier
by Verstraete et. al. [5, 6] with the ones realized based on
our approach, is established in Sec. 3. Geometric repre-
sentation to aid visualization of SLOCC canonical forms
of the two-qubit states is discussed in Sec. 4. A consise
summary of our results is presented in Sec. 5.
2. REAL PARAMETRIZATION OF
TWO-QUBIT DENSITY MATRIX AND SLOCC
TRANSFORMATIONS
Consider a two-qubit state ρAB belonging to the
Hilbert space HA ⊗ HB ≡ C2 ⊗ C2, shared between
two parties Alice and Bob. It can be expressed in the
Hilbert-Schmidt basis {σµ ⊗ σν , µ, ν = 0, 1, 2, 3} as,
ρAB =
1
4
3∑
µ, ν=0
Λµ ν (σµ ⊗ σν) (2.1)
where
Λµ ν = Tr [ρAB (σµ ⊗ σν) ] . (2.2)
Here σ0 = 12, denotes 2×2 identity matrix and σ1, σ2, σ3
are the Pauli matrices.
Expressed in the 2×2 block form, the 4×4 real matrix
Λ defined in (2.2) takes the following compact form,
Λ =
(
1 bT
a T
)
, (2.3)
with the superscript “T ” denoting matrix transposition;
a = (a1, a2, a3)
T , b = (b1, b2, b3)
T denote Bloch vectors
of the reduced density matrices ρA = TrB(ρAB), ρB =
TrA(ρAB) of qubits A, B respectively and T corresponds
to 3 × 3 real correlation matrix, elements of which are
given by tij = Tr(ρAB σi ⊗ σj), i, j = 1, 2, 3. Thus, the
4 × 4 matrix Λ is characterized by 15 real parameters
(3 each of the Bloch vectors a, b and 9 elements of the
correlation matrix T ) and provides a unique real matrix
parametrization of the two-qubit density matrix ρAB .
We give a brief outline on the Minkowski four-vectors
and OPLG transformations in the following subsection,
before discussing the properties of the real parametriza-
tion Λ of the two-qubit state.
A. Minkowski space, four-vectors, and OPLG
The Minkowski space M is a four dimensional real
vector space consisting of four-vectors or Minkowski vec-
tors [23, 24], denoted by x = (x0, x1, x2, x3)
T . The space
is equipped with the metric
G = diag (1,−1,−1,−1), (2.4)
and a scalar product
xT Gy = x0 y0 − x1 y1 − x2 y2 − x3 y3. (2.5)
As the Minkowski squared norm xT Gx of an arbitrary
four-vector x can assume positive, zero, or negative val-
ues, we employ the following nomenclature [21–25]:
(i) xT Gx > 0 : positive four− vector
(ii) xT Gx = 0 : neutral (or null) four− vector
(iii) xT Gx < 0 : negative four− vector
Consider the set of all real 4× 4 matrices
{L | det L = 1, L00 > 0},
which constitutes the orthochronous proper Lorentz
group SO(3,1). By definition, Lorentz matrix L pre-
serves the Minkowski norm i.e., the four-vector Lx
is positive, neutral or negative depending on whether
x ∈ M is positive, neutral or negative respec-
tively. In particular, it is pertinent to highlight that
the set S+ :
{
x ∈M ∣∣xT Gx ≥ 0, x0 > 0} of four-
vectors gets mapped to itself under OPLG i.e., S˜+ :{
x˜ = Lx ∈M ∣∣ x˜T G x˜ ≥ 0, x˜0 > 0} ≡ S+. We would
discuss, in subsection 2C, about encoding the set of all
non-negative single qubit operators in C2 in terms of
four-vectors of the set S+.
B. SLOCC transformations and OPLG
Under the action of stochastic local operations and
classical communication (SLOCC), a two-qubit density
matrix ρAB transforms as [5, 6, 12]
ρAB −→ ρ˜AB =
(A⊗ B) ρAB
(
A† ⊗B†)
Tr [ ρAB (A†A⊗B†B ) ] , (2.6)
where A,B ∈ SL(2,C) denote 2 × 2 complex matrices
with unit determinant. Owing to the homomorphism
between the groups SL(2,C) and SO(3,1), one finds the
correspondence ±A 7→ LA, ±B 7→ LB , where A, B ∈
SL(2,C) and LA, LB ∈ SO(3,1). In particular, the basis
matrices σµ ⊗ σν , µ, ν = 0, 1, 2, 3 get transformed under
SL(2,C)⊗SL(2,C) as
(A⊗B)(σµ ⊗ σν)(A† ⊗B†) = AσµA† ⊗B σνB†
=
∑
α,β=0,1,2,3
(LA)αµ (LB)βν σα ⊗ σβ . (2.7)
3Thus, SLOCC operation ρAB → ρ˜AB on the two-qubit
state is equivalent to the following transformation (up to
normalization)
Λ −→ Λ˜ = LA ΛLTB (2.8)
on the real matrix Λ. So, it is evident that Λ˜ – ob-
tained after OPLG transformations LA, LB on Λ (see
(2.8)) – parametrizes the two-qubit density matrix ρ˜AB ,
which is physically realizable under SLOCC. Using suit-
able OPLG transformations LAc , LBc one should be able
to arrive at a canonical (normal) form Λc associated with
a given Λ i.e.,
Λc = LAc ΛL
T
Bc . (2.9)
It may be seen that (2.9) is the Minkowski space coun-
terpart of the singular value decomposition in Euclidian
space and is referred to as the Lorentz singular value de-
composition [5, 6].
C. Real symmetric matrices ΩA = Λ G Λ
T and
ΩB = Λ
TG Λ
Let us denote the set of all non-negative operators act-
ing on the Hilbert space C2 by P+ := {P |P ≥ 0 }. An
element P ∈ P+ can be represented in the Pauli basis
σµ = (12, σ1, σ2, σ3) as
P =
1
2
∑
µ
pµ σµ (2.10)
where pµ = Tr(P σµ), µ = 0, 1, 2, 3 are the four real pa-
rameters characterizing P . With every P ∈ P+, we asso-
ciate a four-vector p = (p0, p1, p2, p3)
T . Non-negativity
P ≥ 0 of the operator P is synonymous to the conditions
p0 > 0 and p
2
0− p21− p22− p23 ≥ 0 on the four-vector p. In
the language of Minkowski space, non-negativity of the
operator P ≥ 0 reflects itself as the squared Minkowski
norm condition pT Gp ≥ 0 together with the restriction
p0 > 0 on zeroth component of the four-vector p.
Let us consider the map
PA 7→ QB = 2 TrA
[
(
√
PA ⊗ 12) ρAB (
√
PA ⊗ 12)
]
= 2 TrA [ρAB (PA ⊗ 12)] (2.11)
from the set of all non-negative operators
P+A := {PA | PA ≥ 0} on the Hilbert
space HA to the set of non-negative operators
Q+B := {QB = 2 TrA[ρAB (PA ⊗ 12)]} acting on
the Hilbert space HB . We have,
QB = 2 TrA[ρAB (PA ⊗ 12)]
=
1
2
∑
ν
(
ΛT pA
)
ν
σν (2.12)
which results in the Minkowski four-vector transforma-
tion
qB = Λ
T pA. (2.13)
Thus, the map PA 7→ QB is found to be identical to
the four-vector map ΛT : pA 7→ qB = ΛT pA. Non-
negativity of squared Minkowski norm of the four-vector
qB ( which corresponds to QB ≥ 0) leads to
qTB GqB ≥ 0 =⇒ pTA ΛGΛT pA ≥ 0
=⇒ pTA ΩA pA ≥ 0 (2.14)
where
ΩA = ΛGΛ
T (2.15)
denotes a real symmetric 4×4 matrix, associated with the
real parametrization Λ of the two-qubit density matrix
ρAB . Furthermore, positivity of the zeroth component of
the four-vector pA imposes that
pA0 > 0 =⇒ qB0 =
(
ΛT pA
)
0
> 0. (2.16)
Similarly, the map
PB 7→ QA = 2 TrB
[
(12 ⊗
√
PB) ρAB (12 ⊗
√
PB)
]
= 2 TrB [ρAB (12 ⊗ PB)] (2.17)
from the set of all non-negative operators
P+B := {PB | PB ≥ 0} acting on the Hilbert space HB
to the set Q+A := {QA = 2 TrB [ρAB (12 ⊗PB)] ⊂ HA on
the Hilbert space HA leads to the identification
QA =
1
2
∑
µ
(Λ pB)µ σµ. (2.18)
In turn, we obtain the Minkowski four-vector transfor-
mation
qA = Λ pB . (2.19)
where the four-vector qA characterizes a non-negative
operator QA ∈ Q+A faithfully. The map PB 7→ QA re-
flects itself in terms of the four-vector transformation
Λ : pB 7→ qA = Λ pB in the Minkowski space such
that
qA0 > 0 =⇒ (Λ pB)0 > 0, (2.20)
qTAGqA ≥ 0 =⇒ pTB ΛT GΛ pB ≥ 0
=⇒ pTB ΩB pB ≥ 0, (2.21)
where, we have denoted
ΩB = Λ
T GΛ. (2.22)
The 4 × 4 real symmetric matrices ΩA = ΛGΛT ,
ΩB = Λ
T GΛ constructed from the real counterpart
Λ of the two-qubit density matrix ρAB play a central
role in our analysis.
43. LORENTZ SINGULAR VALUE
DECOMPOSITION OF Λ AND CANONICAL
FORMS OF TWO-QUBIT DENSITY MATRIX
UNDER SLOCC
From the properties of the 4 × 4 real matrix Λ,
parametrizing the two-qubit density matrix ρAB , it is
clear that (i) under the map pA 7→ qB = ΛT pA and
pB 7→ qA = Λ pB ( (see (2.13), (2.19)), four-vectors pA,
qA with Minkowski norms p
T
AGpA ≥ 0, qTAGqA ≥ 0 and
positive zeroth components pA0 > 0, qA0 > 0 get trans-
formed to four-vectors qB , pB such that {qTB GqB ≥
0, qB0 > 0}, {pTB GpB ≥ 0, pB0 > 0} respectively.
Furthermore (ii) the sets {Λ p|pT Gp ≥ 0, p0 > 0} and{
p˜ = LA ΛL
T
B p
∣∣ p˜T G p˜ ≥ 0, p˜0 > 0} are equivalent, as
they are related to each other via SLOCC transforma-
tions on the two-qubit state ρAB .
Our interest is to look for a particularly simple canon-
ical form, as in (2.9) for Λ, by identifying suitable OPLG
transformations LAc , LBc . In terms of the real, symmet-
ric matrices ΩA = ΛGΛ
T and ΩB = Λ
T GΛ introduced
in (2.15),(2.22), we express,
ΩcA = LAc ΛL
T
Bc GLBc Λ
T LTAc
= LAc ΩA L
T
Ac (3.1)
ΩcB = LBc Λ
T LTAc GLAc ΛL
T
Bc
= LBc ΩB L
T
Bc (3.2)
where we have used the defining property LT GL = G of
Lorentz transformation matrix L and denoted the canon-
ical forms of the real, symmetric matrices ΩA, ΩB by Ω
c
A,
ΩcB respectively.
We would like to emphasize here that the canonical
form ΩcA is determined completely by the real matrix
Λ and the OPLG tranformations LAc (see (3.1)). Sim-
ilarly, ΩcB is entirely characterized by Λ and LBc (see
(3.2)). Therefore, it is possible to introduce the follow-
ing canonical forms ΛcA, Λ
c
B (upto normalization) for the
real matrix Λ, associated with ΩcA and Ω
c
B respectively:
ΛcA = LAc ΛL
T
B , Λ
c
B = LBc Λ
T LTA. (3.3)
Note that in (3.3) the OPLG transformations LAc , LBc
correspond to physical SLOCC operations carried out by
Alice, Bob on their parts of the two-qubit state; but the
operations LA, LB denote any arbitrary OPLG transfor-
mations, which respectively leave the structure of ΩcA,
ΩcB unaltered. Thus, we express
ΩcA = Λ
c
AG (Λ
c
A)
T
, ΩcB = Λ
c
B G (Λ
c
B)
T
(3.4)
by substituting (3.3).
Continuing further, we note that the Lorentz congru-
ent transformations
ΩA −→ Ω˜A = LA ΩA LTA,
ΩB −→ Ω˜B = LB ΩB LTB (3.5)
are not similarity transformations. But, the following
pair of matrices
GΩA = GΛGΛ
T , GΩB = GΛ
T GΛ (3.6)
do undergo similarity transformations
GΩA −→ GLA ΩA LTA
=
(
LTA
)−1
GΩA L
T
A (3.7)
GΩB −→ GLB ΩB LTB
=
(
LTB
)−1
GΩB L
T
B , (3.8)
when ΩA, ΩB undergo OPLG transformations (3.5)). In
(3.7), (3.8), we have used GL =
(
LT
)−1
G satisfied by
every OPLG matrix L. It is evident that the eigenvalues
of GΩA and GΩB remain invariant under OPLG trans-
formations LA, LB , associated with the SLOCC opera-
tions on qubits A and B respectively. Furthermore, it
is readily seen that the eigenvalues of GΩA, GΩB are
identical as
Tr [(GΩA)
n] = Tr [(GΩB)
n], n = 1, 2, . . . . (3.9)
Based on a detailed algebraic analysis carried out by
some of us [21, 22, 26] on 4 × 4 real matrices, satisfy-
ing the conditions (2.14), (2.16), (2.20), (2.21), we state
the following theorem on the nature of eigenvalues and
eigenvectors of the matrices GΩA (GΩB):
Theorem: The 4×4 real matrix GΩA (GΩB) associated
with the real form Λ of a two-qubit density matrix ρAB
necessarily possesses
(i) non-negative eigenvalues;
(ii) either positive or neutral eigenvector corresponding
to its highest eigenvalue;
(iii) a set of eigenvectors consisting of either
(a) one positive four-vector belonging to the high-
est eigenvalue and three negative four-vectors
or
(b) one neutral four-vector belonging to the high-
est eigenvalue – atleast doubly degenerate –
and two negative four-vectors.
From the above theorem it follows that two different
cases arise, depending on whether the eigenvector belong-
ing to the highest eigenvalue of GΩA (GΩB) is positive
or neutral. Consequently, we have two types of canon-
ical forms for ΩA (ΩB) and consequently, for the real
parametrization Λ, the corresponding two-qubit density
matrix ρAB under SLOCC transformations.
Next, we proceed to find two different types of canon-
ical forms of the real symmetric matrices ΩA, ΩB .
5A. Type-I canonical form
Let us arrange the eigenvalues of GΩA, GΩB in the
order λ0 ≥ λ1 ≥ λ2 ≥ λ3 and denote the associated set
of eigenvectors by {a0, a1, a2, a3} and {b0, b1, b2, b3},
respectively. Suppose that a0 and b0 are positive four-
vectos. From (iii a) of the theorem, it is clear that the set
of eigenvectors {a0, a1, a2, a3} and {b0, b1, b2, b3} as-
sociated with the eigenvalues λ0, λ1, λ2, λ3 of the respec-
tive matrices GΩA, GΩB form Minkowski G-orthoronal
tetrads (see Appendix for details) obeying
aTµ Gaν = Gµ ν (3.10)
bTµ Gbν = Gµ ν (3.11)
where µ, ν = 0, 1, 2, 3, and Gµ ν are elements of the
Minkowski matrix G. We construct OPLG canonical
transformation matrices LTAIc , L
T
BIc
explicitly (see Ap-
pendix),
LTAIc =
(
a0 a1 a2 a3
)
, (3.12)
LTBIc =
(
b0 b1 b2 b3
)
(3.13)
by arranging the eigenvectors {a0, a1, a2, a3} and
{b0, b1, b2, b3} of GΩA, GΩB as columns of LTAIc , LTBIc
respectively.
Using (3.10), (3.11), (3.12), (3.13) and the property
GΩA aµ = λµ aµ ⇒ ΩA aµ = λµGaµ (3.14)
GΩB bµ = λµ bµ ⇒ ΩB bµ = λµGbµ (3.15)
of the eigenvectors of GΩA, GΩB , we arrive at the diag-
onal canonical forms ΩAc ,ΩBc :
ΩIcA = LAIcΩAL
T
AIc
=
 λ0 0 0 00 −λ1 0 00 0 −λ2 0
0 0 0 −λ3

ΩIcB = LBIcΩBL
T
BIc
=
 λ0 0 0 00 −λ1 0 00 0 −λ2 0
0 0 0 −λ3
 .
(3.16)
Corollary 1: Under the canonical OPLG transforma-
tions LAIc , LBIc as in (3.12), (3.13), the real matrix Λ,
with sgn (det(Λ)) = ±, assumes the following diagonal
canonical forms:
ΛIcA =
LAIc ΛL
T
B(
LAIc ΛL
T
B
)
00
= diag
(
1,
√
λ1
λ0
,
√
λ2
λ0
, ±
√
λ3
λ0
)
,
(3.17)
ΛIcB =
LA ΛL
T
BIc(
LA ΛLTBIc
)
00
= diag
(
1,
√
λ1
λ0
,
√
λ2
λ0
, ±
√
λ3
λ0
)
,
λ0 ≥ λ1 ≥ λ2 ≥ λ3
if and only if the eigenvectors corresponding to the high-
est eigenvalue λ0 of GΩA, GΩB are positive four-vectors
in M.
Proof: It follows from explicit evaluation that
ΩIcA = λ0 Λ
Ic
AG
(
ΛIcA
)T
,
ΩIcB = λ0
(
ΛIcB
)T
G
(
ΛIcB
)
.

Expressed in terms of the three term factorization
Λ =
(
LAIc
)−1
ΛIcA
(
LTB
)−1
(or equivalently Λ =
(
LBIc
)−1
ΛIcB
(
LTA
)−1
), it is evident
that Λ is characterized by 15 real parameters, where 6
real parameters each are from the Lorentz transforma-
tions LAIc , LB (or LBIc , LA) and the rest of the three
real parameters are given by
√
λi/λ0, i = 1, 2, 3.
It is easy to see that the two-qubit density matrix ρIcAB
associated with both the canonical forms ΛIcA , Λ
Ic
B is a
Bell-diagonal state:
ρIcAB =
1
4
12 ⊗ 12 + ∑
i=1,2
√
λi
λ0
σi ⊗ σi
∓
√
λ3
λ0
σ3 ⊗ σ3
)
(3.18)
= ρIcBA.
B. Type-II canonical forms
Suppose the maximum eigenvalue λ0 of GΩA, asso-
ciated with the neutral eigenvector u0 is atleast doubly
degenerate. Let us denote the set of eigenvalues of GΩA
by {λ0, λ0, λ1, λ2 } arranged as λ0 ≥ λ1 ≥ λ2. From
(iii b) of the theorem, we have a maximal G-orthogonal
triad {u0, a˜1, a˜2} of eigenvectors of GΩA obeying
uT0 Gu0 = 0, u
T
0 G a˜i = 0,
a˜Ti G a˜j = −δi j , i, j = 1, 2
6As outlined in the Appendix we construct a G-orthogonal
tetrad {a˜0, a˜1, a˜2, a˜3} of four-vectors from the given set
{u0, a˜1, a˜2} of the eigenvectors of GΩA which consists of
one neutral and two negative four-vectors.
Chosing a four-vector u3 such that u
T
3 Gu0 6= 0 and
uT3 G a˜i = 0, i = 1, 2, we construct
a˜0 = u3 + τu u0, a˜00 ≥ 0
(3.19)
a˜3 = u3 − κu u0
where
τu =
1− uT3 Gu3
2 uT3 Gu0
,
(3.20)
κu =
1 + uT3 Gu3
2 uT3 Gu0
.
The tetrad {a˜0, a˜1, a˜2, a˜3} of four-vectors satisfy the G-
orthogonality conditions: a˜Tµ G a˜ν = Gµν .
On arranging the G-orthogonal tetrad {a˜0, a˜1, a˜2, a˜3}
as columns, we construct the OPLG matrix
LAIIc =
(
a˜0 a˜1 a˜2 a˜3
)
, (3.21)
in order to transform ΩA to its canonical form.
Let us denote the ‘00’ element of the matrix ΩIIcA by
φ0 =
(
LAIIc ΩA L
T
AIIc
)
00
= a˜T0 ΩA a˜0. (3.22)
Substituting (3.19), (3.20), (3.22) and simplifying ‘30’
and ‘33’ matrix elements of ΩIIcA we obtain(
LAIIc ΩA L
T
AIIc
)
30
= a˜T3 ΩA a˜0
= φ0 − λ0
(3.23)(
LAIIc ΩA L
T
AIIc
)
33
= a˜T3 ΩA a˜3
= φ0 − 2λ0.
We thus arrive at the non-diagonal type-II canonical form
of the real symmetric matrix ΩA as
ΩIIcA = LAIIc ΩAL
T
AIIc
=
 φ0 0 0 φ0 − λ00 −λ1 0 00 0 −λ2 0
φ0 − λ0 0 0 φ0 − 2λ0
 (3.24)
where λ0 ≥ λ1 ≥ λ2.
In an analogous manner, we consider the triad
{v0, b˜1, b˜2} of eigenvectors of GΩB corresponding re-
spectively to the eigenvalues λ0 (doubly degenerate), λ1
and λ2. The eigenvectors satisfy G-orthogonality condi-
tions
vT0 Gv0 = 0, v
T
0 G b˜k = 0,
b˜Tk G b˜l = −δk l, k, l = 2, 3.
(3.25)
Starting from this eigenvector set containing one neutral
and two negative four-vectors, we pick a four-vector v3
such that vT3 Gv0 6= 0 and vT3 G b˜i = 0, i = 1, 2, and
construct (see Appendix for details)
b˜0 = v3 + τv v0, b˜00 ≥ 0
(3.26)
b˜3 = v3 − κv v0
where
τv =
1− vT3 Gv3
2 vT3 Gv0
,
(3.27)
κv =
1 + vT3 Gv3
2 vT3 Gv0
.
This helps us to identify the tetrad {b˜0, b˜1, b˜2, b˜3}
of four-vectors obeying G-orthogonality conditions
b˜Tµ G b˜ν = Gµν . So, we can explicitly construct the
canonical OPLG matrices
LTBIIc =
(
b˜0 b˜1 b˜2 b˜3
)
. (3.28)
and obtain the canonical form of the real symmetric ma-
trix ΩB = Λ
T GΛ as,
ΩIIcB = LBIIc ΩBL
T
BIIc
=
 χ0 0 0 χ0 − λ00 −λ1 0 00 0 −λ2 0
χ0 − λ0 0 0 χ0 − 2λ0
 . (3.29)
Here, we have denoted the ‘00’ element of ΩIIcB by by
χ0 =
(
LBIIc ΩB L
T
BIIc
)
00
= b˜T0 ΩB b˜0. (3.30)
Then, we evaluate ‘30’ and ’33’ elements of of ΩIIcB by
substituting (3.26), (3.27), (3.30) to obtain(
LBIIc ΩB L
T
BIIc
)
30
= b˜T3 ΩB b˜0
= χ0 − λ0
(3.31)(
LBIIc ΩB L
T
BIIc
)
33
= b˜T3 ΩB b˜3
= χ0 − 2λ0.
Corollary 2: When the eigenvectors corresponding to
– at least doubly degenerate – largest eigenvalue λ0 of
the matrix GΩA (GΩB) is a neutral four-vector in M,
7there exist canonical OPLG transformations LAIIc , LBIIc
yielding the following non-diagonal canonical forms of
the real matrix Λ,
ΛIIcA =
LAIIcΛL
T
B(
LAIIcΛL
T
B
)
00
=

1 0 0 0
0
√
λ1
φ0
0 0
0 0 ±
√
λ2
φ0
0
1− λ0φ0 0 0 λ0φ0
 (3.32)
where LB is an OPLG transformation and
ΛIIcB =
LA ΛL
T
BIIc(
LA ΛLTBIIc
)
00
=

1 0 0 1− λ0χ0
0
√
λ1
χ0
0 0
0 0 ±
√
λ2
χ0
0
0 0 0 λ0χ0
 (3.33)
with LA being a suitable OPLG transformation.
Depending on if sgn (det Λ) = ±, one obtains ‘±’ sign
in the diagonal element
(
ΛIIcA, orB
)
22
in (3.32), (3.33).
Proof: It readily follows from explicit evaluations that
ΩIIcA = φ0 Λ
IIc
A G
(
ΛIIcA
)T
and
ΩIIcB = χ0
(
ΛIIcB
)T
GΛIIcB .

Remark: From our discussions in Sec. 2, which resulted
in the identification of real symmetric matrices ΩA, ΩB
associated with the real parametrization Λ of the two-
qubit density matrix ρAB (see (2.1),(2.3), (2.12)–(2.15),
(2.18)–(2.22)), we observe that
(i) while the real matrix Λ parametrizes the two-qubit
density matrix ρAB , its transpose Λ
T characterizes
ρBA, which is obtained by swapping A and B;
(ii) canonical SLOCC transformations ρAB −→ ρcAB ,
and ρBA −→ ρcBA are governed by the eigen-
values and the eigenvectors of the real matrices
GΛGΛT = GΩA, GΛ
T GΛ = GΩB respectively;
(iii) even though GΩA, GΩB share same eigenspec-
trum, the associated set of eigenvectors is differ-
ent, in general and hence one may expect different
canonical structures ρcAB , ρ
c
BA for the density ma-
trices ρAB , ρBA;
(iv) exactly identical canonical forms ΛIcA = Λ
Ic
B (see
3.17) and correspondingly ρcAB = ρ
c
BA (see (3.18))
are obtained when the eigenvectors of GΩA, GΩB
corresponding to their highest eigenvalue are posi-
tive four-vectors in M;
(v) when neutral four-vectors in M happen to be one
of the eigenvectors of GΩA, GΩB (correspond-
ing to at least doubly repeated highest eigenvalue
λ0) there are two different OPLG canonical forms
(see (3.32), (3.33)) ΛIIcA , Λ
IIc
B , and hence, SLOCC
canonical forms ρIIcAB , ρ
IIc
BA of the corresponding
density matrix ρAB differ, in general;
(vi) when ΩIIcA = Ω
IIc
B one obtains Λ
IIc
A =
(
ΛIIcB
)T
.
Corresponding to the type-II canonical form
ΛIIcA given by (3.32) we obtain explicit matrix
form of ρIIcAB (in the standard two-qubit basis{|0A, 0B〉, |0A, 1B〉, |1A, 0B〉, |1A, 1B〉}):
ρIIcAB =
1
2

1 0 0 r1−r22
0 (1− r0) r1+r22 0
0 r1+r22 0 0
r1−r2
2 0 0 r0

(3.34)
where we have denoted
λ0
φ0
= r0,
√
λi
φ0
= ri, i = 1, 2 (3.35)
Non-negativity condition ρIIcAB ≥ 0 of the density matrix
demands that
r1 = −r2, r0 ≥ r21. (3.36)
Similarly, explicit matrix structure of the two-qubit
density matrix ρIIcBA associated with the type-II canonical
form ΛIIcB (see (3.33) is given by
ρIIcBA =
1
2

1 0 0 s1−s22
0 0 s1+s22 0
0 s1+s22 (1− s0) 0
s1−s2
2 0 0 s0

(3.37)
where we have denoted
λ0
χ0
= s0,
√
λi
χ0
= si, i = 1, 2. (3.38)
It is readily seen that ρIIcBA ≥ 0 if and only if
s1 = −s2, s0 ≥ s21 (3.39)
8Substituting (3.36), (3.39), we get bonafide type-II Lorentz canonical forms ΛIIcA , Λ
IIc
B and the associated density
matrices ρIIcAB , ρ
IIc
BA as
ΛIIcA =
LAIIcΛL
T
B(
LAIIcΛL
T
B
)
00
=
 1 0 0 00 r1 0 00 0 −r1 0
1− r0 0 0 r0
 , ρIIcAB = 12
 1 0 0 r10 1− r0 0 00 0 0 0
r1 0 0 r0
 , 0 ≤ r21 ≤ r0 ≤ 1
(3.40)
ΛIIcB =
LA ΛL
T
BIIc(
LA ΛLTBIIc
)
00
=
 1 0 0 1− s00 s1 0 00 0 −s1 0
0 0 0 s0
 , ρIIcBA = 12
 1 0 0 s10 0 0 00 0 1− s0 0
s1 0 0 s0
 , 0 ≤ s21 ≤ s0 ≤ 1
It is pertinent to point out that type-II canonical forms
are associated with SLOCC transformations on the two-
qubit density matrices of rank less than or equal to
3. Based on the three term factorization (upto nor-
malization) Λ =
(
LAIIc
)−1
ΛIIcA
(
LTB
)−1
, it is clear that
the 14 real parameters characterizing Λ are expressed
in terms of 12 parameters of the OPLG transforma-
tions LAIIc , LB and the two parameters of the canoni-
cal form i.e., r0 = λ0/φ0, r1 =
√
λ1/φ0. (Similarly,
(LA)
−1
ΛIIcB
(
LTBIIc
)−1
) is characterized by 12 real pa-
rameters of transformations LA, LBIIc and the canonical
parameters s0 = λ0/χ0, s1 =
√
λ1/χ0).
C. Non-diagonal SLOCC normal form of
Verstraete et. al.
Verstraete et. al. [5] had obtained two different types
of Lorentz canonical forms of the real matrix Λ under the
transformation Λ −→ LA ΛLTB , LA, LB ∈ SO(3, 1), by
making use of theorem (5.3) of Ref. [20] on matrix decom-
positions in n dimensional space with indefinite metric.
One of the canonical forms of real matrix Λ of Ref. [5] is
diagonal (type-I) and the corresponding SLOCC struc-
ture of the two-qubit density matrix is Bell-diagonal.
Our type-I canonical form (3.17) for the real matrix Λ
agrees identically with this result given by Ref. [5]. The
non-diagonal canonical form of the real matrix Λ, corre-
sponding to two-qubit states of rank less than four, has
the following explicit structure [5]:
Σ =
 1 0 0 b0 d 0 00 0 −d 0
c 0 0 1 + c− b
 (3.41)
where b, c, d are real parameters. The two-qubit density
matrix ρΣAB associated with the real matrix Σ is given (in
the standard two-qubit basis) by
ρΣAB =
1
2
 1 + c 0 0 d0 0 0 00 0 b− c 0
d 0 0 1− b
 . (3.42)
It is clearly seen that the eigenvalues of ρΣAB are non-
negative if
(1 + c) (1− b) ≥ d2, 0 ≤ (b− c) ≤ 2,
−1 ≤ b, c, d ≤ 1. (3.43)
In order to establish a connection between the non-
diagonal form (3.41) with the type-II canonical forms
(3.40) we evaluate the symmetric 4 × 4 matrices ΩA =
ΣGΣT and ΩB = Σ
T GΣ associated with the non-
diagonal canonical form (3.41), which are given explicitly
by
ΩΣA = ΣGΣ
T
=
 1− b
2 0 0 −(1− b)(b− c)
0 −d2 0 0
0 0 −d2 0
−(1− b)(b− c) 0 0 (1− b)(b− 2 c− 1)

ΩΣB = Σ
T GΣ
=
 1− c
2 0 0 (b− c)(1 + c)
0 −d2 0 0
0 0 −d2 0
(b− c)(1 + c) 0 0 (1 + c)(2b− c− 1)
 .
Note that when b = c, the symmetric matrices ΩΣA, Ω
Σ
B
are diagonal and thus one obtains type-I diagonal canon-
ical form (see subsection 3A) for Σ. Moreover, for b = ±1
or c = ±1 the density matrix (3.42) reduces to a product
form ρΣAB = ρA ⊗ ρB where ρA or ρB are pure states. It
is easy to see that the eigenvalues of GΩΣA and GΩ
Σ
B are
zero in the cases b = ±1 or c = ±1. We thus confine our
attention to b 6= c, b, c 6= ±1.
Eigenvalues of GΩΣA, GΩ
Σ
B are readily obtained as
λ0 = λ3 = (1 + c)(1− b),
λ1 = λ2 = d
2. (3.44)
9From the non-negativity constraint (1 + c) (1 − b) ≥ d2
on the density matrix ρΣAB (see (3.43)) it follows that λ0
happens to be the highest eigenvalue and the correspond-
ing eigenvectors of GΩΣA, GΩ
Σ
B are neutral four-vectors.
This confirms that under SLOCC operations on the two-
qubit density matrix ρΣAB of (3.42) the real matrix Σ can
be transformed to Lorentz canonical forms of type-II (see
(3.40) and (3.35), (3.38)), which we denote by ΛIIcAΣ or
ΛIIcBΣ . Now we proceed further to obtain explicit matrices
corresponding to these type-II canonical forms of Σ.
We identify that ΩΣB already exhibits a canonical form
as given in (3.29) if we substitute
χ0 =
(
ΩΣB
)
00
= 1− c2. (3.45)
Thus, we recognize that LBIIc = 14, i.e., a 4 × 4 iden-
tity matrix. With the help of an OPLG transformation
matrix
LA =

1√
1−c2 0 0
−c√
1−c2
0 1 0 0
0 0 1 0
−c√
1−c2 0 0
1√
1−c2
 (3.46)
we obtain one of the type-II canonical sturctures (3.40)
for Σ:
ΛIIcBΣ =
LA Σ
(LA Σ )00
=

1 0 0 b−c1−c
0 d√
1−c2 0 0
0 0 −d√
1−c2 0
0 0 0 1−b1−c
 (3.47)
In other words our type-II canonical form ΛIIcBΣ is Lorentz
equivalent to the real matrix Σ (see (3.41)) of Ref. [5].
Following the method outlined in the subsection 3 B
and in the Appendix, for the construction of explicit
OPLG transformation matrix LAIIc , we obtain
LAIIc =

1−b+c√
(1+c)(1+c−2b) 0 0
−b√
(1+c)(1+c−2b)
0 1 0 0
0 0 1 0
−b√
(1+c)(1+c−2b) 0 0
1−b+c√
(1+c)(1+c−2b)

(3.48)
and verify that
ΛIIcAΣ =
LAIIc Σ(
LAIIc Σ
)
00
=

1 0 0 0
0
√
d2(1+c−2b)
λ0 (1−b) 0 0
0 0 −
√
d2(1+c−2b)
λ0 (1−b) 0
c−b
1−b 0 0
1−2b+c
1−b

(3.49)
exhibits type-II canonical form ΛIIcA given in (3.40). This
proves that the non-diagonal normal form Σ (given by
(3.41)) is SLOCC equivalent to the type-II canonical form
ΛIIcAΣ of (3.49) in confirmity with our approach.
4. GEOMETRIC REPRESENTATION OF
SLOCC CANONICAL FORMS OF TWO-QUBITS
It is shown in Sec. 3 that the real matrix Λ, parametriz-
ing a two-qubit density matrix ρAB , can be reduced to
two algebraically distinct types of canonical forms (3.17),
(3.40) under OPLG transformations. The algebraically
distinct canonical forms are determined via the eigenval-
ues and eigenvectors of the matrices GΩA = GΛGΛ
T
and GΩB = GΛ
T GΛ constructed from Λ and
the Minkowski space metric tensor G. In this section
we discuss geometrical representation captured by the
canonical forms of Λ, which in turn offer visualization
of the SLOCC invariant families of two-qubit density
matrices on and within the Bloch ball. To this end
we recall (see subsection 2C) that a map PA 7→ QB
from the set P+A := {PA = 12
∑
µ pAµ σµ| PA ≥
0} of all non-negative operators acting on the Hilbert
space HA to another set of non-negative operators
Q+B := {QB = 2 TrA[ρAB (PA ⊗ 12)] |QB ≥ 0 } on the
Hilbert space HB can be expressed alternately as a
linear transformation on Minkowski four-vectors i.e.,
ΛT : pA 7→ qB = ΛT pA, where pA,qB are non-
negative ( positive/neutral ) four-vectors with their ze-
roth components positive pA0 > 0, qB0 > 0. Simi-
larly, the real matrix Λ induces a linear trasnforma-
tion Λ : pB 7→ qA = Λ pB from the set of all
non-negative four-vectors
{
pB |pTB GpB ≥ 0, pB0 > 0
}
to the set
{
qA = Λ pB |qTAGqTA > 0, qA0 > 0
}
.
Using the fact that every positive four-vector can al-
ways be expressed as a sum of neutral four-vectors [21,
22, 24], we conveniently restrict ourselves to the maps
(i) pn 7→ q = Λ pn
(ii) pn 7→ q = ΛT pn
induced by the real matrix Λ, on the set of all neutral
four-vectors {pn|pTn Gpn = 0, pn0 > 0}.
Let us consider the set of all neutral four-
vectors
{
pn = (1, x1, x2, x3)
T
, x21 + x
2
2 + x
2
3 = 1
}
, with
(x1, x2, x3) representing the entire Bloch sphere (i.e., the
unit sphere S2 ∈ R3). The type-I canonical form ΛIcA
given in (3.17) transforms pn = (1, x1, x2, x3)
T
to a non-
negative four-vector q = ΛIc pn = (1, y1, y2, y3) where
y1 =
√
λ1
λ0
x1, y2 =
√
λ2
λ0
x2
y3 = ±
√
λ3
λ0
x3. (4.1)
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Evidently, the transformed three-vector (y1, y2, y3) obeys
the equation of a point on the surface of an ellipsoid
y21
ξ21
+
y22
ξ22
+
y33
ξ23
= 1 (4.2)
where ξi =
√
λi/λ0, i = 1, 2, 3. Geometric intuition
of the canonical form ΛIcA is thus clear: the map Λ
Ic :
(1, x1, x2, x3)
T 7→ (1, y1, y2, y3)T transforms the Bloch
sphere to an ellipsoidal surface described by (4.2). It may
be recognized that the ellipsoidal surface described by
(4.2) geometrically represents the set of all steered Bloch
vectors [6, 10–12] of Alice’s (Bob’s) qubit after Bob (Al-
ice) performs projective measurements on his (her) qubit
(see (2.17),(2.20), (2.21)), given that the two-qubit state
shared between them is in the canonical Bell-diagonal
form (3.18), which is achieved by SLOCC on ρAB .
In Fig. 1 we have depicted the ellipsoid with
lengths of its semi-axes given by (see (4.2))(√
λ1/λ0,
√
λ2/λ0,
√
λ3/λ0
)
. Here λ0 ≥ λ1 ≥ λ2 ≥ λ3
The ellipsoid is centered at the origin (0, 0, 0).
FIG. 1: (Colour online) Ellipsoid representing type-I canoni-
cal form ΛIc given by (3.17). Semi-axes lengths of this ellip-
soid (see (4.2)) are given by
(√
λ1/λ0,
√
λ2/λ0,
√
λ3/λ0
)
,
where λ0 ≥ λ1 ≥ λ2 ≥ λ3 denote eigenvalues of GΩA, GΩB
(see (3.6)). The ellipsoid is centered at the origin (0, 0, 0) and
it provides geometric insight for the set of all two-qubit states,
which are on the SLOCC orbit of Bell-diagonal states (3.18).
Associated with the type-II canonical forms ΛIIcA , Λ
IIc
B
(see (3.40)) one obtains
ΛIIcA (1, x1, x2, x3)
T = (1, yA1 , yA2 , yA3)
T .(
ΛIIcB
)T
(1, x1, x2, x3)
T = (1, yB1 , yB2 , yB3)
T
(4.3)
Here x21 + x
2
2 + x
2
3 = 1 represents the Bloch sphere and
yA1 = r1 x1, yA2 = −r1 x2
yA3 = (1− r0) + r0 x3, 0 ≤ r21 ≤ r0 ≤ 1 (4.4)
yB1 = s1 x1, yB2 = −s1 x2
yB3 = (1− s0) + s0 x1, 0 ≤ s21 ≤ s0 ≤ 1 (4.5)
represent the set of all qubit states (Bloch vectors)
that can be steered to by projective measurements per-
formed on another qubit of the two-qubit state ρIIcAB of
(3.40), where r0, r1, are specified by (3.35), (3.36) and
s0, s1 are defined via (3.38), (3.39), together with (3.22),
(3.30). From (4.4) it is seen that (yA1 , yA2 , yA3) and
FIG. 2: (Colour online) Steering spheroid (4.6) offering picto-
rial representation of type-II canonical form ΛIIcA , which char-
acterizes the two-qubit state ρIIcAB (see (3.40)). The spheroid is
centered at (0, 0, 1−r0) and has semi-axes lengths (r1, r1, r0),
0 ≤ r21 ≤ r0 ≤ 1.
(yB1 , yB2 , yB3) satisfy the equations
y2A1 + y
2
A2
r21
+
(yA3 − (1− r0))2
r20
= 1
y2B1 + y
2
B2
s21
+
(yB3 − (1− s0))2
s20
= 1 (4.6)
which represent surfaces of spheroids centered respec-
tively at (0, 0, 1 − r0), (0, 0, 1 − s0). The spheroidal sur-
faces (4.6) provide geometric visualization of the collec-
tion of all Bloch vectors of one of the qubits after pro-
jective measurements are performed on the other qubit
[6, 10–12], when the two-qubit state ρAB is SLOCC
equivalent to the type-II canonical density matrix ρIIcAB
of (3.40). In Fig. 2 steering spheroid representing type-II
states ρIIcAB of (3.40) is shown.
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5. SUMMARY
In this paper we have presented a complete analysis to
obtain two different types of SLOCC canonical forms and
the associated geometric visualization of two-qubit states
– which happen to be the simplest composite systems.
Using the established result that the action of SLOCC on
a two-qubit state ρAB =
1
4
∑3
µ,ν=0 Λµ,ν σµ⊗σν manifests
itself in terms of Lorentz transformation on its 4× 4 real
matrix parametrization Λ, two different types of canoni-
cal forms had been obtained previously by Verstraete et.
al. [5, 6]. However, the approach employed by Ref. [5, 6]
to arrive at the SLOCC canonical forms involved highly
technical results on matrix decompositions in spaces with
indefinite metric.
Based on a different approach, insprired by the tech-
niques developed in classical polarization optics by some
of us [21, 22], we have given here a simple procedure to
explicitly evaluate two different types of SLOCC canon-
ical forms of the real matrix Λ and the associated two-
qubit density matrix. Equivalence between the canonical
forms obtained via our approach with the ones obtained
in Ref. [5] has also been established here. Finally, our ap-
proach leads to an elegant geometric representation aid-
ing visualization of two different types of canonical forms
associated with the entire family of two-qubit states on
the respective SLOCC orbits. We believe that our com-
prehensive analysis offers new insights in the study of
SLOCC canonical forms of higher dimensional and mul-
tipartite composite systems too.
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APPENDIX
In this appendix we discuss explicit construction of a
Lorentz matrix L belonging to OPLG in terms of a set
of G-orthogonal four-vectors [21, 22, 24].
(i) Consider a positive four-vector x0 with its zeroth
component x00 > 0, and three other negative
four-vectors xi, i = 1, 2, 3, obeying Minkowski G-
orthogonality conditions i.e.,
xTµ Gxν = Gµ ν , µ, ν = 0, 1, 2, 3, (A1)
where Gµ ν denotes elements of the Minkowski ma-
trix G. The set {xµ, µ = 0, 1, 2, 3} of four-vectors
obeying (A1) forms an G-orthogonal tetrad in M.
It is readily seen that a real 4 × 4 matrix
L =
(
x0 x1 x2 x3
)
, with its columns form-
ing a G-orthogonal set satisfies LT GL = G with
(L)00 = x00 ≥ 0, and hence L is a Lorentz matrix
belonging to OPLG.
(ii) A set {y0,y1,y2} of four-vectors, consisting of a
neutral vector y0 and two negative vectors y1, y2
obeying the property
yT0 Gy0 = 0, y
T
0 Gyi = 0,
yTi Gyj = −δij , i, j = 1, 2
forms a G-orthogonal triad. The neutral vector y0
is a self-orthogonal vector as its Minkowski norm
yT0 Gy0 is zero.
Given the G-orthogonal triad {y0, y˜1, y˜1}, consist-
ing of a neutral vector y0, it is possible to construct
a tetrad {y˜0, y˜1, y˜2, y˜3 } of four-vectors obey-
ing the G-orthonormality conditions y˜Tµ G y˜ν =
Gµ ν , µ, ν = 0, 1, 2, 3. To this end, we construct
a four-vector y3 such that
yT3 Gy0 6= 0, yT3 G y˜i = 0, i = 2, 3, (A2)
and define two four-vectors y˜0 and y˜3 as follows [21,
22]:
y˜0 = y3 + τy y0, y00 ≥ 0
y˜3 = y3 − κy y0, (A3)
where the real parameters τy, κy are given by
τy =
1− yT3 Gy3
2 yT3 Gy0
, κy =
1 + yT3 Gy3
2 yT3 G y˜0
. (A4)
By construction, the set {y˜0, y˜1, y˜2, y˜3} of four-
vectors forms a G-orthonormal tetrad consist-
ing of one positive and three negative four-
vectors. By following the explicit procedure out-
lined above one can construct a Lorentz matrix
L2 =
(
y˜0 y˜1 y˜2 y˜3
)
, starting from a G-
orthogonal triad {y0, y˜2, y˜3}, consisting of a neu-
tral four-vector y˜0.
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